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Abstract

In this paper the impact of a line of adjacent structures, or oscillators, is studied using an energy
formulation. The energy exchange and dissipation from a collision of a pair of oscillators is studied by
creating an equivalent oscillator pair, one has the energy of the in-phase motion and the other has the out-
of-phase energy. It is found that the energy exchange between colliding oscillators is proportional to the
initial kinetic energy difference of the oscillators and that work in the collision is proportional to the out-of-
phase energy or difference energy. The kinetic energy at contact is then related to the mean oscillator
energy, permitting a power balance equation to be written for each oscillator in line. The power balance
equations have three independent variables for each pair of oscillators: the oscillator time averaged energies
and the phase difference. This equation is run in a time-stepping procedure, with steps at the mean collision
rate. The work in the collisions and internal oscillator dissipation is output as a function of time. A
parameter study is conducted to see how the work changes with oscillator: separation, contact stiffness and
contact damping.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

In a line of adjacent buildings damage can occur during an earthquake at high stress regions
within the structure and at the local site of any collisions. Prediction of this damage must include
the consideration that the precise properties of the structure, contact, and excitation are poorly
defined, also the contact behavior itself almost certainly involves ill-defined non-linear damage
mechanisms.
Previously collision problems have been successfully tackled by two different approaches.

Elegant closed form analytical solutions for steady-state single frequency or multiple harmonic
excitation have been found [1,2], by a solution termed the ‘Periodic Greens Function.’ This
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method is particularly appropriate to the field of machine dynamics where structural properties are
well defined and excitation tends to be periodic. Alternatively for unsteady or random vibration the
equations of motion and the momentum exchange relations can be solved numerically on a time-
step basis [3,4]. Although this method is effective, stability of the second order differential equations
requires quite a large number of points per second, for example 200/s in Ref. [4].
For the above methods collisions are described by a coefficient of restitution and contact

duration that are independent of impact velocity, which is an acceptable assumption for heavy
impacts and hard contact. These assumptions are not always safe, particularly in the case of
interest here, as damage of a contact on a building will reduce impact velocities and also cause
local softening. To accommodate these effects, expressions were derived in Ref. [5] for the contact
duration and coefficient of restitution as a function of impact velocity, oscillator and contact
properties, which are included in the method described here.
In this method it is suggested here that both types of structural damage could be assessed from

an energy viewpoint by equating damage with work or dissipated energy. If there is a brittle
fracture the local strain energy limit is exceeded. Alternatively if there is progressive damage as in
reinforced concrete buildings the cumulative work from each load cycle or collision can be
calculated. As this progressive failure is a non-linear process making exact solutions difficult, a
simplified approach is employed with ensemble average input parameters and using the mean
expected energy averaged over one cycle as the only dynamic parameter.
The basic assumption is that most of the energy is stored in a linear form, giving a single

resonance frequency of a free oscillator. The effect of additional non-linear processes is to spread
some energy away from the fundamental frequencies where it can no longer participate in the
basic energy exchange and storage mechanism. This non-linear component can therefore be
regarded as a loss and is assigned to the material loss factors. The non-linear collision mechanisms
are therefore linearized in this analysis.
These input parameters and the energy variable are used in statistical energy analysis [6], the

basis of which is that the power transferred between two linearly coupled oscillators, subjected to
steady-state random vibration, is proportional to the difference between the mean oscillator
energies. This approach has also been adapted for use with impulsive excitation to give responses
in the time domain [7–9] as is also done here.
There are several advantages to operating with mean oscillator energy. First, the results are for

ensemble averages and precise input data is not required. The second is that dissipated energy (or
work) is a good objective measure of damage [10,11]. Therefore damage is a direct product of the
calculations and is not a reduction from a more complicated procedure. The third is that energy or
power calculations do not require linear behavior. Fourth, energy relations are simple for random
excitation, where first order differential equations describe the time domain behavior. In a time-
stepping procedure stability and accuracy do not require small time increments, and results are
insensitive to small parameter variation.
In the work presented here a line of oscillators represents a line of adjacent buildings subjected to

horizontal base excitation. The first objective is to set up a power balance equation for each
oscillator. The second is to calculate the dissipated energy, as a function of time, from collisions and
also internal hysteresis. The third is to see the effect of parameter changes on the energy dissipation.
The main element in the power balance equations, are the energy relations for collisions

between a single pair of oscillators, which are derived by a new variation on the usual impact
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dynamics approach. The first step was to calculate the coefficient of restitution for a collision
between a pair of oscillators [5]. The next step was to make an energy transfer and loss equation
for a pair of oscillators by combining the relative velocity equation and momentum equations.
This equation can either be written in terms of the individual oscillator motions, or in terms of the
relative and sum motions. This latter form is more convenient as the relative motion relates
directly to energy loss in the collision. The time average power input to each oscillator was
calculated from broadband random base excitation. A power balance was set up equating the
power input from the base to the rate of energy dissipation in the collisions and in oscillator
internal hysteresis. This first order differential equation is solved at each collision or at twice the
mean cycle rate using a time-step procedure. All the parameters can be updated for each time step
to account for damage dependent properties. The particular case of five adjacent oscillators is
considered as an example and the effect of oscillator position, spacing, contact stiffness and
damping are investigated.

2. Equivalent kinematic and energy models

Fig. 1 shows part of a line of oscillators spaced by a distance Dr: Each oscillator represents the
fundamental transverse mode of a single building. The oscillator has a modal mass mr and
complex stiffness kr ¼ k0

rð1þ iZrÞ; that includes a hysteretic loss factor Zr. The loss factor may be a
function of frequency or amplitude, and so some thought should be given to the possible physical
loss mechanisms present in the chosen application. The rth oscillator has instantaneous
displacement and velocity ur; vr: The energy dissipating contact is described by a complex stiffness
kcr that includes a hysteretic loss factor Zcr: The dynamics of a single collision was modelled in
Ref. [5] giving the ‘coefficient of restitution’ er and contact duration tcr as a function of the
mechanical parameters and the ‘ impact ratio’ brU

In Fig. 2 the same oscillator line is also represented in the energy notation used here.
Vibrational power Pr is input from the base maintaining oscillator energy Er and causing the
‘difference energy’ #Er of a single collision between oscillators r and (r+1). The energy transferred
between oscillators dEr and absorbed #Dr; in this collision, is given in terms of the oscillator energy
Er: Dr is the dissipated energy from one load cycle within oscillator r.

Equating the power input to the four outputs of the rth oscillator, yields the fundamental power
balance, that is the subject of this paper:

Pr ¼ ’Dr þ
dEr

dt
þ
ðdEr � dEr�1Þ
ðtr þ tr�1Þ

: ð1Þ
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The time averaged power input Pr from random excitation at the base, can be described in terms
of the power spectral density of the base acceleration .XðfrÞ at the natural frequency fr [6]:

Pr ¼ mr
.XðfrÞ=4: ð2Þ

This is an important formula as it shows that for a uniform spectral density the input power is
only determined by the mass mr: The vibration levels therefore increase until this power is
dissipated either by damage or some other controlled damping mechanism.
The four energy terms that balance the input power are described from left to right. The first is

the power lost through internal hysteresis or damage ’Dr: If no contact is made this is controlled by
the loss factor Zr and the angular frequency in rad/s or ¼ 2pfr:

’Dr ¼ ZrorEr: ð3aÞ

For yielding structural systems the loss factor is an amplitude dependent process rather than the
frequency dependent viscous damping used in a linear analysis [12]. If this is true then loss factors
measured at any loading rate can be used provided the correct amplitudes are employed. The
main feature of loss factor is that it relates work to the maximum stress, which is likely to be the
material yield stress. For harmonic excitation at a single frequency the loss factor can be obtained
by measurement on a hysteresis loop seen in Fig. 3, using the definition:

Zr ¼ Dr=ð2pSr maxÞ ð3bÞ

ARTICLE IN PRESS
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in which Dr is the area or dissipated work in one cycle, and Sr max is the maximum strain energy.
This process replaces the non-linear system with an equivalent linear system dissipating the same
work over one cycle. The loss factors of structural elements during progressive damage from cyclic
loading tests are a function of displacement and number of cycles, and could be included in the
time-step program. For a half sine pulse the hysteresis curve begins from the zero giving one
quarter of the swept area of a cycle of harmonic loading, as seen in Fig. 3. The work is therefore
#Dr ¼ ZrpSr max=2. It should be noted that a linear viscous damping model with a half cycle impulse
gives, as would be expected, half the work of a full cycle: #Dr ¼ ZrpSr max:
The second term in Eq. (1) is the rate of increase of oscillator energy. The third term is the rate

of energy transfer from oscillator r to ðr þ 1Þ: The fourth is the rate of energy input from oscillator
ðr � 1Þ to oscillator r. dEr; dEr�1 are the respective energies transferred in a single collision, tr; tr�1

are the times for oscillator r to make a half cycle including a collision with oscillator ðr þ 1Þ and
ðr � 1Þ: The time for a complete cycle with two collisions is (tr þ tr�1).

3. Energy relationships outside and within the collision

The calculation of the energy transferred and dissipated in a single collision is performed in two
stages. First the free motion and energy of a pair of oscillators Er;Erþ1 is expressed as an
equivalent pair of oscillators with the same total energy. One equivalent oscillator describes the
sum of the instantaneous motions having the ‘sum energy’ of the pair %Er; which is not directly
influenced by the collision. The other equivalent oscillator describes the relative motion of the
oscillator pair having the ‘difference energy’ or ‘collision energy’ #Er; which is directly involved in
the collision.
The second stage considers the dynamics during contact. This uses the ‘coefficient of restitution’

er; and the law of linear momentum conservation to couple the two equivalent oscillators during
contact. This coupling between the equivalent oscillators depends on the ‘mass ratio,’ mr. The
transferred energy in a collision dEr is obtained in terms of the oscillator kinetic energies Tr;Trþ1

at the initial moment of impact. Finally, these instantaneous kinetic energies are related to the
oscillator energies averaged over one cycle Er;Erþ1: The expressions for the transferred and
dissipated energy are, in the final form, a function of the three energy terms seen in Fig. 2, i.e. the
oscillator energies Er;Erþ1 and the difference energy #Er:

3.1. The dynamics of a free system

The two oscillators, r and ðr þ 1Þ in Fig. 1 are excited at the base by the same broadband
random signal. This will give correlated displacements in each oscillator with each vibrating with a
narrow random signal, predominately at its own natural frequency, or and orþ1 rad/s, with peak
amplitudes Ur and Urþ1: After collisions begin only half of one cycle need be modelled so the
usual free vibration representation is acceptable. The velocities and displacements are ur; ur þ 1 at
time t; relative to the arbitrary instant of contact t ¼ 0:

ur ¼ Aeiort þ A*e
�iorþ1t

; urþ1 ¼ Beiort þ B*e
�iwrþ1t

; ð4a;bÞ
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A, B are constants describing the displacements at contact, *denotes the complex conjugate. The
displacements at time t ¼ 0; are from Eq. (4) are therefore, 2RefAg and 2RefBg where Re denotes
the real part. These displacements can be written in terms of the peak oscillator displacements Ur

and Urþ1 as

2A ¼ Ure
iyr ; 2B ¼ Urþ1e

iyrþ1 ð5a;bÞ

are the phase angles at time t ¼ 0: The displacements and velocities at t ¼ 0 from Eq. (5) are:

ur ¼ Ur cos yr; urþ1 ¼ Urþ1 cos yrþ1; ð6a;bÞ

vr ¼ �orUr sin yr; vrþ1 ¼ �orþ1Urþ1 sin yrþ1: ð7a;bÞ

The free instantaneous oscillator displacements ur; urþ1 and velocities vr; vrþ1 are related to the
sum motions %ur; %vr and difference motions #ur; #vr of the equivalent sum-difference oscillator pair:

%ur; #ur ¼ ur7urþ1; %vr; #vr ¼ vr7vrþ1: ð8a;bÞ

Sum and difference masses %mr; #mr and real stiffness’ %kr; #kr can be defined, and the ‘mass ratio’ mr:

%mr; #mr ¼ mr7mrþ1; %kr; #kr ¼ Reðkr7krþ1Þ; mr ¼ #mr= %mr: ð9a;b; cÞ

The ‘mass ratio’ defines the coupling between the equivalent oscillator pair, as seen in the
momentum equation (44). If, in the ideal case, oscillators r and ðr þ 1Þ are identical, the mass ratio
is zero and there is no coupling between the equivalent oscillator pair.
Although it is not essential for the analysis the ‘mass ratio’ can for some cases be described in

terms of the scaling factor between two similar structures. If two oscillators are similar in
geometry and material, as may well be the case for adjacent buildings, the scaling factor sr ¼
lrþ1=lr; relating the characteristic lengths is also related to the masses, stiffness’, natural
frequencies and ‘mass ratio.’ For example if the structures are composed of rods of standard
section acting in shear or extension, then the mass increases with length while the stiffness
decreases with length:

mrþ1 ¼ srmr; krþ1 ¼ kr=Sr; and orþ1 ¼ or=Sr: ð10a;b; cÞ

By using the definitions of Eqs. (9) and (10) the mass and stiffness ratios become:

#kr

%kr

¼ �mr;
#mr

%mr

¼ mr; mr ¼
ð1� srÞ
ð1þ srÞ

: ð11a;b; cÞ

The mass ratio mr is always less than unity, occurring for greatly dissimilar oscillators. However
even if the scaling factor is as large as 2, the mass ratio of �1

3
suggests that the sum and difference

oscillators are still not very strongly coupled.
In a collision between two free bodies only a certain proportion of the total mass is involved in

the energy exchange and dissipation, this quantity is described here and in Ref. [5] as the
‘interaction mass’ mir. For the collision of oscillators an ‘interaction stiffness’ kir and ‘interaction
frequency’ oir are also defined:

mir ¼
mrmrþ1

ðmr þ mrþ1Þ
; kir ¼ Re

krkrþ1

kr þ krþ1

� �
; oir ¼

ffiffiffiffiffiffiffi
kir

mir

s
: ð12a;b; cÞ
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If the scaling relationships in Eq. (11) are applied, then the interaction frequency in Eq. (12)
becomes the same as the sum motion frequency %or:

o2ir ¼ %o2r ¼ %kr= %mr: ð13Þ

In the approximate approach presented here the sum frequency or interaction frequency are
regarded as being almost the same, their significance is that the energy of the oscillator pair is
predominately stored in this frequency region. If the scaling definitions in Eq. (11) are employed
the real parts of oscillator natural frequencies become:

o2r ¼ %o2r
ð1� mrÞ
ð1þ mrÞ

; o2rþ1 ¼ %o2r
ð1þ mrÞ
ð1� mrÞ

: ð14a;bÞ

The sum frequency is therefore the geometric mean of the oscillator frequencies:

%o2r ¼ ororþ1: ð15Þ

The energies at time t of the two oscillators Er, Erþ1 can be written as the sum of the strain
energies, Sr, Srþ1 and kinetic energy, Tr, Trþ1; i.e.

Er ¼ Sr þ Tr; Erþ1 ¼ Srþ1 þ Trþ1; ð16a;bÞ

where

Tr ¼
mr

2
v2r ; Trþ1 ¼

mrþ1

2
v2rþ1; Sr ¼

k0
r

2
u2r ; Srþ1 ¼

k0
rþ1

2
u2rþ1:

The total kinetic energy and the difference in kinetic energies for the pair are T and DT :

T ;DT ¼ Tr7Trþ1: ð17a;bÞ

By substituting from Eqs. (8) and (9) into Eq. (17) these are written in sum and difference form:

T ¼
%mr

8
ð%v2r þ #v2r Þ þ

#mr

4
%vr #vr; DT ¼

#mr

8
ð%v2r þ #v2r Þ þ

%mr

4
%vr #vr: ð18a;bÞ

The total strain energy, S; and strain energy difference, DS; are likewise:

S;DS ¼ Sr7Srþ1: ð19a;bÞ

These in sum and difference form are:

S ¼
%kr

8
ð %u2r þ #u2r Þ þ

#kr

4
%ur #ur; DS ¼

#kr

8
ð %u2r þ #u2r Þ þ

%kr

4
%ur #ur: ð20a;bÞ

The difference between the oscillator energies DS and DT that are given in Eqs. (18b) and (20b)
will be seen in Section 3.3 to close to the energy transferred between oscillators in a collision.
The total energy terms T and S in Eqs. (18a) and (20a) have two parts, of which the first

containing the sum mass or stiffness is always the larger. This is for two reasons. First, is that the
ratios of the difference to sum terms in Eq. (11) is always less than unity, approximately equal to
mr. Second, is that the quotient of the sum and difference displacements in Eqs. (18a) and (20a),
i.e. 2%vr #vr=ð%v2r þ #v2r Þ is also always less than unity. Furthermore, the average of this quotient for all
possibilities of %vr and #vr is zero because of the implicit sine terms in the numerator.
If these secondary terms are therefore neglected in Eqs. (18a) and (20a) the total kinetic energy

T and strain energy S can be approximately described by the sum and difference kinetic energies
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and strain energies:

T ¼ %Tr þ #Tr; S ¼ %Sr þ #Sr ð21a;bÞ

or:

TD
%mr

8
ð%v2r þ #v2r Þ; SD

%kr

8
ð %u2r þ #u2r Þ: ð22a;bÞ

Two new and almost independent oscillators can now be defined. One has the energy of the sum
motion %Er ¼ %Tr þ %Sr; the other has the energy of the difference motion #Er ¼ #Tr þ #Sr:

%Er ¼
%mr

8
%v
2
r þ

%kr

8
u2r ; #Er ¼

%mr

8
#v2r þ

%kr

8
#u2r : ð23a;bÞ

This simplification has zero error for identical oscillators, for completely dissimilar oscillators the
error is zero on average, but has a possible 100% error for the worst case. If the restriction is made
that 1

2
oor=orþ1o2 the maximum possible error is 33%, and zero on average, which is

satisfactory for the application considered here.

3.2. The relationship between sum and difference energies

The energies of the equivalent oscillators have now been defined: the difference energy #Er that is
involved in the collision; while the sum energy %Er; describes the in-phase motion and is largely
unaffected by the collision. The next step is to determine both of these energies as a function of
time by referring back to the peak oscillator amplitudes Ur; Urþ1 (or time average oscillator
energies Er; Erþ1) in Eqs. (6) and (7). This leads to the sum and difference energies at the reference
time t ¼ 0; written as a function of the ‘difference phase’ #yr describing the phase between the
oscillator pair. This ‘difference phase’ is required along with the oscillator energies to define the
‘difference energy.’ Eqs. (21b) and (22b) for the sum and difference strain energies at the reference
time t ¼ 0 can be expanded using Eq. (6):

%Sr; #Sr ¼
%kr

8
ðU2

r cos
2 yr þ U2

rþ1 cos
2 yrþ172UrUrþ1 cos yr cos yrþ1Þ: ð24a;bÞ

Therefore the total strain energy in Eq. (21b) at t ¼ 0 is

S ¼
%kr

4
ðU2

r cos
2 yr þ U2

rþ1 cos
2 yrþ1Þ: ð25Þ

Likewise using Eqs. (21a) and (22b) and (7), the sum and difference kinetic energies at t ¼ 0;
become

%T; #T ¼
%mr

8
ðo2r U2

r sin
2 yr þ o2rþ1U

2
rþ1 sin y

2
rþ172ororþ1UrUrþ1 sin yr sin yrþ1Þ: ð26a;bÞ

The total kinetic energy at t ¼ 0 is therefore given from Eqs. (21a) and (26):

T ¼
%mr

4
ðo2r U2

r sin
2 yr þ o2rþ1U

2
rþ1 sin

2 yrþ1Þ: ð27Þ
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By using Eqs. (13) and (14) to expand the frequency and mass terms, this may be written as

T ¼
%kr

4ð1� m2r Þ
ðU2

r sin
2 yrð1� mrÞ

2 þ U2
1þr sin

2 y1þrð1þ mrÞ
2Þ: ð28Þ

The terms containing m2r can be neglected for similar oscillators because they are small.
Furthermore the opposing sign in 2mr for the two components will tend to cancel, leaving no
dependence in mr: The total energy at the reference time is E ¼ T þ S; which from Eqs. (25) and
(28) becomes

E ¼
%kr

4
ðU2

r þ U2
rþ1Þ: ð29Þ

This is dependent only upon the peak velocity or displacement and the sum stiffness (or mass), but
is invariant with the phase at the reference time. Eq. (29) is of course only perfectly accurate when
the oscillators are identical. However, the significance of this equation for total energy is that it
provides some verification for the sum and difference energy expressions used in its derivation,
indicating that the physics has not entirely drowned in the approximations.
The difference energy #Er and sum energy #Er; are also invariant over the cycle if there is no

exchange or loss of energy and are given from Eqs. (25) and (27) using the strain energies and
kinetic energies,

%Er ¼ %Tr þ %Sr; #Er ¼ #Tr þ #Sr; ð30a;bÞ

where

%Er; #Er ¼
E

2
ð17qr cosð#yrÞÞ; ð31a;bÞ

E is the total energy given in Eq. (29), or more accurately the sum of oscillator energies: ðEr þ
Erþ1Þ: E is the maximum for the sum or difference energy. The multiplier for the phase dependent
part qr is a function of the oscillator amplitudes, and is unity for equal amplitudes:

qr ¼
2UrUrþ1

ðU2
r þ U2

rþ1Þ
:

Alternatively this could be written in terms of oscillator energies:

qr ¼
2r

ð1þ r2Þ
; ð32Þ

where r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðErk

0
rþ1Þ=ðErþ1k0

r

p
Þ or

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEro2rþ1mrþ1Þ=ðErþ1o2r mrÞ

q
:

The sum and difference energies in Eq. (31) are plotted in Fig. 4 against the ‘difference phase’:
#yr: These energy quantities are slowly changing functions dependent upon the ‘difference phase’
#yr; the product of the difference in oscillator natural frequencies #or and preceding time duration t:

#yr ¼ #ort þ #y0r; ð33Þ

where the difference frequency is

#or ¼ or � orþ1:

As the excitation comes from a travelling wave at the base there is an initial difference phase #y0r
between oscillator pairs. The smooth envelope of the difference energy is seen also in Fig. 4 to be
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the sum of the rapidly fluctuating ‘difference strain energy’ #Sr and ‘difference kinetic energy’ #Tr

arising from the relative motion of the oscillators, at any instant of time. This relative motion
occurs at the ‘sum frequency’ %or defined in Eq. (13), and the energies in Fig. 4 fluctuate at 2 %or:
The sum frequency is almost identical to the ‘interaction frequency’ oir defined in Eq. (12).
The ‘difference phase’ in Eq. (33) is almost zero at the start of excitation as t ¼ 0; the two

oscillators move in phase and there is no possibility of collision. Alternatively from Eq. (31b) it
could be said that the difference energy is almost zero. As excitation persists the difference phase
in Eq. (33) increases causing the difference energy to climb the hill in Fig. 4 until it reaches what is
termed here the ‘strain energy threshold’ #S0r:

#S0r ¼ kirD2r=2 ð34Þ

at which point the difference displacement #ur is equal to the oscillator spacing Dr: Collisions occur
after this point, with a strength that depends on the ‘impact ratio’ br defining the ratio between the
difference kinetic energy at initial contact #Tr and the strain energy threshold:

b2r ¼ #Tr= #S0r: ð35Þ

The energy available for damage is the difference kinetic energy at impact, which from Eq. (30b) is

#Tr ¼ #Er � #S0r: ð36Þ

This is seen as the shaded area in Fig. 4. The difference kinetic energy in this collision band will be
referred to as the ‘collision energy.’

3.3. The system dynamics during contact

The previous sections described the oscillator dynamics before and up to contact, while here the
period of contact is considered. These two regions may be compared using Ref. [5], where it is
shown that the only change is the additional presence of the contact stiffness kcr changing the
system ‘interaction frequency’ oir; and the ‘impact ratio’ br from their uncoupled values.
This section has two parts. First a calculation of the collision rate between two oscillators is

made, giving the time period for one half cycle tr which is required in the power balance in Eq. (1).
This is as a function of the interaction frequency in and out of contact. The second part uses the
coefficient of restitution and the conservation of momentum to express a single collision between
two oscillators in energy terms and relating this to the kinetic energy at contact.
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3.3.1. The relationship between contact time, impact strength and collision rate

The presence of the contact stiffness increases the ‘impact ratio’ br in Eq. (35) to what is now
termed the ‘impact strength’ #br: This was shown in Ref. [5] to be

#br ¼ br

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k0

cr=kir

q
: ð37Þ

The ‘interaction frequency’ oir in Eq. (12c) becomes modified by the contact stiffness to #oir; which
defines the maximum contact time #tcr:

#oir ¼ oir
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k0

cr=kir

q
; #tcr ¼ p=ð #oirÞ: ð38a;bÞ

The contact time tcr increases with the ‘impact strength,’ but achieves the maximum #tcr;
corresponding to the free body collision value when #brc1: In general the contact time is [5]

tcr ¼ #tcr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ #b2r

qr
: ð39a;bÞ

This contact time is illustrated in Figs. 5a and b, also seen is the time tr of a half cycle of the
difference displacement. Fig. 5a gives the difference strain energy as the ‘interaction phase’
changes through 2p or one cycle of the difference motion. Outside of contact this occurs at the
sum frequency %or given in Eq. (13). The change in difference strain energy with interaction phase,
are also seen as the fluctuations under the envelope of the difference energy in Fig. 4. The interval
0� p in Fig. 5a includes one collision when the difference strain energy exceeds the strain energy
threshold. This is related in Eq. (34) to the oscillator spacing.
The time for one half cycle tr can be calculated from this phase representation as the total

interaction phase change of p is equal to the sum of the phase change in and out of contact:

p ¼ oirðtr � tcrÞ þ #oirtcr: ð40Þ
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Fig. 5. (a) Difference strain energy as a function of interaction phase %yr: (b) Half cycle time of difference strain energy
as a function of oscillator spacings D.
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Rearrangement gives

tr ¼
p
oir

1�
tcr

p
ð #oir � oirÞ

� 	
: ð41Þ

The result can be interpreted with reference to Fig. 5b, where the difference strain energy is given
as a function of time for three different oscillator separations. The first separation D1 exceeds the
difference displacement and there is no collision and the half period takes the maximum of p=oir:
As the separation becomes smaller to D2 and D3 a larger proportion of the phase change is spent
within contact thereby reducing the half-period time. This explains the observation that, the
collision rate, 2=ðtr þ tr�1Þ; increases with decreasing separation or increasing excitation level.

3.3.2. Energy transferred and dissipated in a collision
When the oscillators are in collision a coefficient of restitution er is applied, as with free body

collision, to describe the attenuation of difference velocity from the start to the end of the contact
#vr; #v0r:

#v0r ¼ �er #vr: ð42Þ

The coefficient of restitution is related in Ref. [5] to the imaginary part of the interaction
frequency imð #oirÞ ¼ #gir; and the contact time tcr by

er ¼ expð�#girtcrÞ: ð43Þ

In Appendix A the interaction frequency is related to the loss factor Zcr of the contact stiffness.
For linear viscous damping: #girDðZcr=2ÞReð #oirÞ: However for hysteretic damping mechanisms
which may be non-linear #girDðZcr=4ÞReð #oirÞ: For both cases the loss factor is obtained from the
cyclic test plot seen in Fig. 3.
The analysis of the contact also requires the equation for conservation of linear momentum,

given here in terms of initial and final sum and difference velocity %vr; %v0r and #vr; #v0r:

%vr � %v
0
r ¼ mrð%v

0
r � #vrÞ: ð44Þ

The ‘mass ratio’ mr given in Eq. (11b) controls the coupling between the sum and difference
motion during the collision. The energy increase of oscillator r and ðr þ 1Þ in the collision
dEr; dErþ1 is due to the change in kinetic energy

dEr ¼ T 0
r � Tr; dErþ1 ¼ T 0

rþ1 � Trþ1: ð45a;bÞ

Eqs. (42),(44) and (45) can now be combined to give the energy transfer:

dEr; dErþ1 ¼ 8
mir

2
ð1þ erÞ#vr %vr þ

1

2
#vrðmrð1þ erÞ7ð1� erÞÞ

� �
: ð46a;bÞ

If the coefficient of restitution %er-1 , as for the zero loss case, Eq. (46) becomes

dEr; dErþ1 ¼ mir %vr #vr þ mr #v
2
r : ð47Þ

As the interaction mass mirD %mr=4 the initial kinetic energy difference DT in Eq. (18b) can be
compared with the transferred energy in Eq. (47):

DT

dEr

¼
1þ mr ðð%v2r þ #v2r Þ=2Þ=%vr #vr


 �
1þ mr #v2r=%vr #vr


 �
 � : ð48Þ
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It can be seen from this expression that for most practical cases the ratio of the two energy terms is
close to unity. The first reason is that the mass ratio mr is less than unity. The second is that the
average of the sum or difference velocities is the same. The greatest possible error occurs for
totally dissimilar oscillators where mr ¼ 1; and if the sum velocity at collision is zero, then

DT

dEr

����
min

¼
1

2
:

However as this study restricts the mass ratio to be less than 0.3 fractional errors of only 0.1 are
expected. It is therefore an interesting result that the energy exchanged between two similar
oscillators in a collision is on average close to the initial kinetic energy difference.
The sum and difference velocities defined in Eq. (8b) can be used to change Eq. (44) for energy

transfer into the terms of oscillator kinetic energy and collision energy

dEr; dErþ1 ¼ 8ð1þ erÞ mir
Tr

mr

�
Trþ1

mrþ1

� �
þ

mr
#Tr

2
ð1þ erÞ

 �
�

#Dr

2
: ð49a;bÞ

where the dissipated energy in the collision #Dr; and the collision energy #Tr are

#Dr ¼ #Trð1� e2r Þ; #Tr ¼
mir

2
#v2r :

The energy transfer terms have three parts. As discussed above, for coefficients of restitution
approaching unity, Eq. (49) is close to the initial kinetic energy difference DT in Eq. (18b). This
also corresponds to the central ideas in statistical energy analysis. The second term in the brackets
shows the energy is transferred preferentially from the greater to smaller mass, as indicated by the
mass ratio mr defined in Eq. (9). The final term shows that the dissipated energy is subtracted
equally from energy transferred in both directions. This dissipated energy expression, also found
in Ref. [13], is the ‘collision energy’ modified by the coefficient of restitution.

3.4. Kinetic energy at contact and total energy

The transfer of energy between oscillator r and ðr þ 1Þ in a collision was shown above to be
close to the kinetic difference in oscillator energy DT at the instant of contact. However for this
result to be useful when applied to a pair or a series of colliding oscillators, the kinetic energy
difference at the instant of contact must be related to the oscillator energy difference DE; which is
the main task in this section. This is achieved using the average ‘energy ratio’ as there is
insufficient information for a deterministic solution.
The ‘energy ratio’ DT=DE expanded using the difference in oscillator kinetic energy DT and

strain energy DS is

DT

DE
¼

DT

ðDT þ DSÞ
: ð50Þ

Eqs. (18b) and (20b) give values for DT and DS; in which the simplified versions are used here that
neglect the terms containing #kr and #mr as only the energy transfer term in Eq. (49) containing Tr

and Trþ1 is required, thus

DT

DE
¼

%mr #vr %vr

ð %mr %vr #vr þ %kr %ur #urÞ
: ð51Þ
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Using Eq. (13), this may be written in non-dimensional parameters

DT

DE
¼

arbr

ðarbr þ 1Þ
: ð52Þ

br is already defined as the ‘impact ratio’ in Eq. (35) but is given in alternative form with ar:

ar ¼
%vr

oir %ur

; br ¼
#vr

oir #ur

:

At contact the difference displacement #ur ¼ Dr; the oscillator spacing. The ‘impact ratio’ br is
always positive at contact, as both the relative displacement and relative velocity are positive (i.e.
moving towards each other). However the ‘sum ratio’ ar has no specific value as the sum and
difference energies are independent. Although it can be described as a harmonic velocity of the
form sinðoirt þ %y0rÞ divided by the corresponding harmonic displacement. If the contact occurs at
t ¼ 0 the ‘sum ratio’ becomes

ar ¼
sin %y0r
cos %y0r

; � p > %y0r > p: ð53Þ

Substitution of Eq. (53) into Eq. (52) gives

DT

DE
¼

br sin %y0r
ðcos %y0r þ br sin %y0rÞ

: ð54Þ

It can be seen that DT=DE tends to unity for large impact strength when br-N; this means the
collision occurs at the point of maximum velocity when the displacement is relatively small, the
collision dynamics are then the same as for two free bodies.
There is however, the possibility that the sum ratio is negative for low impact strengths when

brocot %y0r: This is slightly disconcerting as in these instances the energy transferred in the
collision is in the opposite direction of the oscillator energy difference DE: An example would be
when one oscillator was momentarily stationary with strain energy but no kinetic energy. Any
moving body that collides with it has more kinetic energy thus transferring energy to the
stationary oscillator. This is irrespective of the fact that the first oscillator may have more total
energy but in the form of strain energy.
However the intention here is to ignore particular events and work with ensemble averages so

that some prediction of behavior can be made. The value of %y0r is unknown at impact, but it is
assumed to have an equal possibility of taking any angle between 7p permitting a mean of
Eq. (54) to be calculated, i.e.

DT

DE

� �
¼
1

2p

Z p

�p

br sin %y0r
ðcos %y0r þ br sin %y0rÞ

d%y0r: ð55Þ

By making the substitutions that tan d ¼ br; and f ¼ %y0r � d , the integral becomes

DT

DE

� �
¼

br

2p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2r

q Z p

p

sinðfþ dÞ
cosf

df: ð56Þ
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If the numerator is then expanded using the sine sum formula, execution the integral yields

DT

DE

� �
¼

b2r
ð1þ b2r Þ

ð57Þ

or using Eqs. (35) and (36):

DT

DE

� �
¼

ð #Er � #S0rÞ
#Er

; ð58Þ

which is plotted in Fig. 6.
Eq. (57) or Eq. (58) has a satisfyingly simple and plausible form. If #Ero #S0r; there is insufficient

‘difference energy’ for collisions to occur. When #Er ¼ #S0r the oscillators only touch without
kinetic energy, so br is zero. For small impact strength when bro1; only a fraction of the total
oscillator energy is involved in the collision. Alternatively when brc1; all the oscillator energy is
involved in the collision, as for collisions between free bodies.
Eq. (49) can now be expressed in the desired form for the power balance in Eq. (1), i.e. in terms

of the primary system variables Er;Erþ1; #Er; and parameters er;
#Sro;mr;mrþ1:

dEr; dErþ1 ¼ 8ð1þ erÞ mir 1�
#S0r
#Er

 !
Er

mr

�
Erþ1

mrþ1

� �
þ mrð #Er � #S0rÞ

ð1þ erÞ
2

" #
�

#Dr

2
: ð59a;bÞ

The parameters: mir; #Dr; mr are functions of the primary variables and parameters.

3.5. The energy absorbed by the oscillators in one cycle

In the series of base excited oscillators in Fig. 1 or Fig. 2 the input power is balanced by the
power lost in the collisions and the oscillator internal hysteresis. Now that the dissipation in the
collisions has now been defined, it now only remains to look more carefully at the rate of energy
loss ’Dr within the oscillators, seen in Eq. (1). Before collisions occur this is controlled only by the
internal hysteresis as described in Eq. (3). However during the collision some of the difference
energy, namely #Dr; is lost and a component of this difference energy is stored not only in the
contact stiffness but also in the oscillator ‘interaction stiffness.’ So a modified version of the loss
from the oscillators is presented here that is valid during collision. The main argument is that the
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oscillator energy Er can be divided into sum and difference energy of the oscillator pairs r; ðr � 1Þ
and r; ðr þ 1Þ:

Er ¼
ð %Er þ %Er�1Þ

4
þ

ð #Er þ #Er�1Þ
4

: ð60Þ

It is also assumed that only the difference energy is affected by the collision.
The two parts of the dissipated power ’Dr within oscillator r during collision with the oscillators

either side are

’Dr ¼ Zror
ð %Er þ %Er�1Þ

4
þ

1

ðtr þ tr�1Þ

#Dr

2

Zrkir

Zrkir þ Zcrk0
cr

� �
þ pZr

#S0r

2

 !

þ
#Dr�1

2

Zr�1kir�1

Zr�1kir�1 þ Zcr�1k
0
cr�1

� �
þ pZr�1

#S0r�1

2

 !
0
BBBBB@

1
CCCCCA: ð61Þ

The first term is the power dissipated in the sum motion. The time for two half cycles including a
collision on either side of oscillator r is in the denominator of the second term. This time period is
given in Eq. (41). The next term is the proportion of the collision energy #Dr that is dissipated in
the oscillators. This expression is taken from equation (A.10). The following term in the same
brackets is the proportion of the difference strain energy dissipation before the collision. The same
two quantities follow for the relative motion between oscillator r and ðr � 1Þ:

4. The time-step program

All the parameters in the power balance of Eq. (1) are now established and it is possible to run it
in a time-step program from zero time for each of the n oscillators in a line. Eq. (1) for oscillator r
can be rearranged to give the oscillator energy increment dEr due to a small time step dt:

dEr ¼ dt Pr � ’Dr �
ðdEr � dEr�1Þ
ðtr þ tr�1Þ

� �
: ð62Þ

Apart from the input power Pr the other terms are functions of three independent variables for
each oscillator pair, these are the oscillator energies Er, Erþ1 and the difference phase #yr: The
difference energy #Er; the coefficient of restitution er and the half cycle period tr are found from
these three variables.
The first step is to define the oscillator energies and difference phase at zero time. An increment

in time dt is made causing the oscillator increment dEr in accordance with Eq. (62), involving
Eqs. (1), (59) and (61) for energies dEr; dErþ1 and #Er: The oscillator energies Er; Erþ1 and
difference phase #yr; are increased by the increments dEr;dErþ1 and d#yr; then the procedure is
repeated.
The procedure to calculate the increment in difference phase d#yr begins with the difference

phase taken from Eqs. (29) and (30):

cos #yr ¼
ðEr þ Erþ1 � 2 #ErÞ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ErErþ1

p : ð63Þ
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The change in the cosine of the difference phase is caused by changes in the oscillator energies, the
collision energy and the time between calculations, dt:

d ðcos #yrÞ ¼
@ cos #yr

@Er

dEr þ
@ cos #yr

@Erþ1
dErþ1 þ

@ cos #yr

@ #Er

d #Er

þ cosð#yr þ 2 #ordtÞ � cosð#yrÞ: ð64Þ

The last two terms represent the change due to the time dt and is taken from Eq. (33). Application
of Eqs. (63) and (64) gives

d ðcos #yrÞ ¼
1

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ErErþ1

p
	

dEr

Er

ðEr � Erþ1 þ 2 #ErÞ þ
dErþ1

Erþ1
ðErþ1 � Er þ 2 #ErÞ � 4d #Er

� �
þ cosð#yr þ 2 #ordtÞ � cosð#yrÞ: ð65Þ

The oscillator energy increments dEr and dErþ1 are given in Eq. (62). The change in collision
energy d #Er is the work of the collision: d #Er ¼ � #Dr; found in Eq. (49).
The calculations should ideally be made at time intervals dt corresponding to the interval tr; for

each oscillator, to give the energy available for the next collision. However the collision rate for
each oscillator is different, and so this is not possible, as the calculation method requires time
steps common to all the oscillators. The result will be slightly sensitive to the selected step size, as
Eq. (39) and hence Eq. (41) is non-linear for light contact. Therefore the average collision period
tr for the n oscillators was selected here as it is the best compromise.

5. Test of the time-step program

A series of tests were conducted to check the correct running of the time-step program and to
examine the expected effect of parameter changes on the work of collision, and the internal energy
loss of the oscillators. Five adjacent oscillators were used in the scheme shown in Fig. 1. The
oscillator masses are identical: mr ¼ 1 kg. The oscillator spacing is identical: Dr ¼ 0:1m. A wave
approaches from the left at a speed of c ¼ 1m/s. As the spacing between oscillator r and ðr þ 1Þ is
Dr the initial difference phase for collision r in Eq. (33) is

#yr ¼
orc

Dr

: ð66Þ

For the reference the contact stiffness is constant kcr ¼ 100N=m: The contact loss factor is also
constant Zcr ¼ 1: The oscillator loss factors are Zr ¼ 0:1: The oscillator stiffness’ N/m are: k1 ¼ 10;
k2 ¼ 14; k3 ¼ 12; k4 ¼ 10; k5 ¼ 14:

5.1. The reference test

The first test was intended to check the stability of the program and provide a reference for a
small parameter study. A constant base excitation level of .X ¼ 0:1ðms�2Þ2=Hz between 0 and 5Hz
was applied. The natural frequencies were arranged to be at about 0.5Hz. The program steps the
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time automatically at the mean collision frequency, and adjusts to increase with changes due to
amplitude; 20 time steps gave 12 s of response in this case. The collision phase is shown in Fig. 7
for the four pairs. At zero time the starting phase is approximately 0.3 rad for each collision as
determined by Eq. (66). The phase steps forward as described by Eq. (33) until the first
collision occurs after about 3 s, at this moment the difference strain energy #Sr is equal to the
collision strain energy threshold #S0r: It is interesting that the sum of the difference phases remains
almost a constant, only offset from zero by the wave time delay. This fixed phase relationship
suggests a single mode of vibration. This is rather deceptive as there are, in fact, five possible
vibration modes, and this result is just a product of the method representing some average
behavior.
In the remaining figures collision energy between a pair of oscillators has bold labels while the

oscillator energy has normal labels. In Fig. 8 the difference energy, from Eq. (31), increases with
increasing oscillator energies and difference phase until the first collision. The energy available for
damage is the difference between difference energy #Er and the strain energy threshold. For
collision 1 the strain energy threshold calculated from Eq. (34) is 0.028 J, which is marked in
Fig. 8. Stability seems to occur very rapidly after about two collisions, probably because this is
only a first order differential power balance equation. The difference energy is greatest for the
outer two collisions 1,4 and also the outer two oscillator energies 1,5. This is also the observation
from ‘pounding’ during an earthquake within a line of colliding buildings, where the outer pairs
are most damaged [3]. This is because the outer oscillators have greater freedom than the other
oscillators in having only one collision/cycle rather than two. Although the collision rate is lower
for the outer oscillators, the strength of collision is greater because of the greater freedom of
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Fig. 7. Difference phase, separation 0.1m, contact stiffness 100(1+i)N/m.
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movement. This seems to be the general principle of collision damage, i.e. it increases with the
permitted freedom of movement.
The collision work is simply the time integral of the power and is shown in Fig. 9 to have the

same trend. The work increases linearly with time as the input power, and hence dissipated power,
is constant. A simple power balance calculation showed that the power input matched the sum of
dissipation from internal hysteresis and the collisions, indicating that broadly speaking at least,
the program is operating properly. It also demonstrates that the total work is rather easily
predicted, and only the distribution of this work is determined by the mechanical parameters.
The internal oscillator work begins from zero time, it takes a slight decrease in rate when

collisions begin after 3.5 s. The oscillator energy in Fig. 8 is at least twice the difference energy,
leading to the observation from Fig. 9 that the internal work is always greater than the collision
work by the same factor. The collision work is however often more significant from the damage
viewpoint as it is local to the region of contact.

5.2. The effect of reducing the oscillator spacing

When the spacing was reduced to 0.01m as seen in Fig. 10, the most noticeable change is a
doubling of the collision rate as 20 steps or collisions now take only 7 s. However the reduction in
spacing causes a reduction in collision work or damage by a factor of two as the many small
collisions have a lower kinetic energy offering lower damage potential. The damage will of course
be minimized when the spacing is reduced to zero and no collisions occur. There is still relative
motion on account of the contact stiffness. It would therefore seem best to make buildings as close
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R.J. Pinnington / Journal of Sound and Vibration 268 (2003) 361–384 379



ARTICLE IN PRESS

Fig. 10. Oscillator work — and collision work , separation 0.01m, contact stiffness 100(1+i)N/m.

Fig. 9. Oscillator work — and collision work , separation 0.1m, contact stiffness 100(1+i)N/m.
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as possible, or fill the gap with a compliant medium to reduce damage. A further benefit of filling
the gap between real buildings is that further damping of the in-phase motion would occur in the
shearing action between the parallel surfaces.

5.3. Reduction of the contact stiffness

Fig. 11 shows the work in the collisions and in the oscillators when the conditions of the
previous test were repeated but the contact stiffness was reduced to 20N/m, close to that of
the oscillator stiffness’. The collision rate decreased, or the time for 20 collisions has increased, to
the value of the first test, as more time is spent in the softer contact. Accordingly the collision
work is now increased causing a slight reduction in oscillator work.

5.4. Reduction of the contact loss factor

The previous test was repeated changing only the contact loss factor to a tenth of the previous
value to 0.1. The result seen in Fig. 12 is very similar to Fig. 11 where the loss factor was 1.0. This
slightly surprising result was also observed in Ref. [3], from a conventional time-step analysis. The
reason is that the total work is independent of the damping of the oscillators, and up to half of the
oscillator energy can be lost in a collision. Therefore provided the contact damping is at least as
great as the oscillator damping there will be little influence on the distribution of energy loss.
These observations also suggest that for this type of energy analysis the description of contact
damping need not be very precise.

ARTICLE IN PRESS

Fig. 11. Oscillator work — and collision work , separation 0.01m, contact stiffness 20(1+i)N/m.
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6. Conclusions

A time-stepping power balance program has been made to calculate the work due to oscillator
internal hysteresis and the work of collision between a series of colliding oscillators. The program
appears to be very stable, which is to be expected from a first order differential equation. Time
steps are made at the mean collision rate for a single oscillator.
In this analysis a broadband random excitation was used giving input power and hence

dissipation that is only determined by the excitation level and the mass of the oscillators. The total
dissipation is therefore insensitive to the loss factors of the contact and oscillators.
The energy exchange between oscillators in a collision was found to be almost proportional to

the oscillator energy difference. The energy dissipation in collision is proportional to the square of
relative velocity at the instant of impact.
The most important parameter for collision damage appears to be the spacing between

oscillators. As the spacing is increased the collision rate decreases, but the work of collision
increases because the collision is more violent with increased freedom of movement. The greatest
damage is between the outer oscillator pairs for the same reason, i.e. greater freedom leads to
more damage.
The damping within the contact has little influence on the proportion of damage provided the

loss factor is greater than the oscillator damping.
The greatest quantity of damage occurs in the collision if the contact stiffness is comparable

with the oscillator stiffness. This effect could be used to advantage if a damped compliant
in-fill was used between buildings to absorb energy from out-of-phase motion. On average the
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out-of-phase motion is only half of the total available energy, the other half is in-phase motion
which is not influenced in the collision. It may be possible that a compliant in-fill could also
absorb energy from this type of motion by a shearing action.
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Appendix A. Hysteretic damping work for harmonic excitation and impulses

The objective here is to summarize some properties of a hysteretic damping model that can be
used to linearize a non-linear spring characteristic. The first application is for the coefficient of
restitution of damped springs. The second is to state the division of energy dissipation within the
contact and oscillator during the contact duration.
Loss factor Zr is useful because it directly describes the work done Dr per harmonic loading

cycle irrespective of linearity, as seen in Fig. 3 and Eq. (3b):

Zr ¼ Dr=ð2pSr maxÞ; ðA:1Þ

where Sr max is the peak strain energy in element r: For a single impact, where there is
approximately a quarter a cycle of contact, and the displacement begins from zero as in Fig. 3, the
work #Dr is one quarter of this:

#Dr ¼ ZrpSr max=2: ðA:2Þ

However it should be noted that if the material had velocity dependent viscous damping a single
impact is half a cycle or half sine wave and the work would be half of Eq. (A.1):

#Dr ¼ ZrpSr max: ðA:3Þ

If a complex interaction stiffness is employed %kir ¼ kirð1þ iZirÞ; and complex contact stiffness
kcr ¼ k0

crð1þ iZcrÞ The complex interaction frequency in contact equation (38) becomes

#oir ¼ 7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kir þ k0

cr þ iðZir þ ZcrÞ
mir

s
ðA:4Þ

and rewriting Eq. (A.4) as

#oir ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkir þ k0

crÞ ð1þ iZcrÞ
mir

s
: ðA:5Þ

The imaginary component of the above expression could for light damping be expanded as

Imð #oirÞ ¼
Zr

2
Reð #oirÞ: ðA:6Þ
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This expression assumes viscous velocity dependent damping, giving the energy loss for an
impulse in Eq. (A.3). For hysteretic, amplitude dependent damping half of this value must be used
to obtain the correct work given in Eq. (A.2), i.e.

Imð #oirÞ ¼
Zr

4
Reð #oirÞ: ðA:7Þ

These employ a total loss factor Zr that describes the energy loss during contact within both the
contact #Dcr and in the oscillator #Dir; where the total loss in contact #Dr ¼ #Dir þ #Dcr:

Zr ¼
ðZirkir þ Zcrk

0
crÞ

ðkir þ k0
crÞ

:

The proportion of energy loss in the contact is

#Dcr

#Dr

¼
Zcrk

0
cr

ðkir þ k0
crÞ

ðA:8Þ

while the loss within the oscillator in the same time interval is

#Dir

#Dr

¼
Zirk

0
ir

ðkir þ k0
crÞ
: ðA:9Þ
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